
L I M I T I N G  E Q U I L I B R I U M  OF C O M P R E S S E D  P L A T E  W E A K E N E D  

BY C I R C U L A R  H O L E  A N D  C R A C K S  E X T E N D I N G  TO I T S  E D G E  

Y u .  V.  Z a i t s e v  

The f rac tu re  of bri t t le  porous bodies in uniaxial compress ion  is accompanied by the development of 
longitudinal cracks  caused by s t r e s s  concentrat ion in the vicinity of the pores~ Of interes t  in this connec-  
tion is the problem examined herein  of the l imit ing equilibrium of a plate weakened by a c i rcu lar  hole and 
radial  c racks  opening c i rcumferent ia l ly  to the hole contour under the action of compress ive  s t r e s se s  
at infinity (we do not examine plate stabili ty,  assuming it be adequate). The problem is solved within the 
f ramework of the 5k model of a brit t le body with cracks  [1, 2]. A s imi la r  problem for  cases  of uniaxial 
and omnidirectional  tension was solved by an approximate method in [2]. The development of shear  cracks  
near  holes in compressed  bodies was examined in [3]. 

Assume there is a c i rcu la r  hole and two mac roc racks  extending to its contour in an infinite elast ic  
plate of unit thickness (Fig. 1). The plate is compressed  at infinity by a sys tem of external s t r e s se s  q 
(q < 0), parallel  to the alignment of the c racks .  Following [2], we represen t  the elast ic  s t r e s se s  in the 
vicinity of the ends of the crack approximately in the form of the sum 

% (x, O) ~ %(0) (~, O) + %(1) (~, O) (~ ~ -- a, x ~ b) 

Here Cry (~ (x, O) are  the elast ic  s t r e s se s  in the plate with c i rcu la r  hole (without cracks)  f rom the 
compress ive  s t r e s se s  Crx = Cr, Cry(t) (x, O) are  the elast ic  s t r e s se s  in the plate with rec tangular  action o f  the 

along the x axis for  - a  ~ x -< b, when the normal  p r e s s u r e  Pn(X) = Cry(~ 0) is applied to the edges cut 
of this cut on the segments  - a  <- x -< --R and R -< x -< b. 

The elast ic  s t r e s s e s  in a plate with c i r cu la r  hole (without cracks)  are  expressed  as [4] 

%(0) (x, 0) = q (~- R 3 Ra 
~ - -  T-~-j  (1) 

In accordance  with [2] the s t r e ss  Cry(O(x, O) is determined f rom the formula 

b 

V ( ~ -  b)(x+a) -a I~--~1 \ ~ > ~  
(%((~)(~,0) f o r - a ~ < - - R  (2) 

pn (~)~{O for --  R < ~  ( R 
[%(o) (~, 0) for st..< ~ ~< b 

The l imit ing magnitude q = q* of the external forces  can be found f rom the express ion  [2] 

b 
1 ~ Pn*(~) I f (b - -  ~) (a--~) d ~ = g  c 

(3) 

Here K c is the Irwin constant [5] and Pn*(~) is found f rom (2) for the l imit ing value of the pa r ame te r s  
charac te r iz ing  the external load q = q*. 
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F r o m  (1)-(3) we can  ob ta in  

nK~ V b  + a  
q* = ] (a, b) 

-F2 b 

_ \T(c-T~j~_~] 
(4) 

A f t e r  c a l c u l a t i n g  the  i n t e g r a l s ,  we ob t a in  

l (a, b) = A (a, b, R) ]/'(a -{- R) (b --  R) --  A (a, b, - -  R) ]/'(a - -  R).(b + R) 

- -  B (a, b, R)in [l/-~-b-F ]/ ' (a--  R)(b-{- R)I" -I- R" 
[ Va~ + lf(a + n) (b-- n)I' + n ,  

J R '  [5  l b \  Rs (15 2 b 3.3 b '~]  
A ( a , b , ~ R ) = - - ' ~  l,"g--{-"8-~-)~-~ -'~6+~-"~- 26 a~jJ 

n' V ~  
B (a, b, Jr- R) - -  32a~ba [8a~b ~ (a q- b) - -  3R ~ (7a' --  3a~b -t- 5ab ~ - -  bS)] 

If  bo th  c r a c k s  have  the  s a m e  l eng th  ( l l  = 12 = l )  and  a = b,  s e t t i n g  
= l / r ,  we ob ta in  

~xK~ (2 + 8)4 
q * = -  V ~  V 2 ~ + a ~ + ~  (5) 

If  the p l a t e  is  w e a k e n e d  by  a c i r c u l a r  ho le  and a s i ng l e  r a d i a l  c r a c k  ( i .e . ,  /2 = 0, 12 > 0) a n d a  = R 
we ob t a in  

q*= ]/-B-(I +8,) /(L) ' e , =  R 
R 1 IWL 

k=-b-  = 2q-81 ' /(k)=.4(~.) ] /2-L(t--k)--B(k)ln 
It + 1/~i(l --)~)1~ + ~ 

A (k) = ~/~6 (k --  14k~ --  t5k8),] B (k) = :t/s2 ~,]]~, (tt ~ 7k -l- 9k 2 ~ 2tk 3) 

(6) 

It  can  be  shown tha t  in the  i n t e r e s t i n g  r e g i o n  of ~(~ > 0) v a r i a t i o n  the  func t ion  q .  = q .  (~),  de f ined  
by  (5) and  t a k e n  in  a b s o l u t e  v a l u e ,  has  a s i ng l e  m i n i m u m  (for e = ~* = 4 7 / 5 -  1 ~ 0.18).  Thus ,  i n i t i a l l y  
(for e < a .  the  c r a c k  p r o p a g a t i o n  i s  u n s t a b l e  and then  (for ~ > ~*) i t  b e c o m e s  s t a b l e ,  i . e . ,  i n c r e a s e  of the  
l o a d  i s  n e c e s s a r y  f o r  f u r t h e r  c r a c k  d e v e l o p m e n t .  P h y s i c a l l y  th i s  i s  e x p l a i n e d  b y  the f ac t  t ha t  in a c c o r d a n c e  
wi th  (1) the  s t r e t c h e d  zone  n e a r  the c i r c u l a r  hole  in the p l a t e  has  l i m i t e d  ex ten t  ( c o r r e s p o n d i n g  to e 
0.732) and o u t s i d e  th i s  zone  t h e r e  i s  a zone  of s m a l l  c o m p r e s s i v e  s t r e s s e s .  The  v a r i a t i o n  of the funct ion  
q .  = q ,  (e2), d e s c r i b e d  by (6), h a s  a s i m i l a r  n a t u r e .  Such t r a n s i t i o n  of  the  c r a c k  f r o m  u n s t a b l e  to s t a b l e  
p r o p a g a t i o n  f o r  a n o t h e r  p r o b l e m  was  no ted  p r e v i o u s l y  in  [6]. 

F i g u r e  2 shows  c u r v e s  in a c c o r d a n c e  wi th  (5), (6) of the  r e d u c e d  l i m i t  l o a d s  q* = [q*l Kc -17r-2viR 
a s  a func t ion  of  the r a t i o s  ~ = 1 / R  and ~1 = l 1/R. Curve  2 c o r r e s p o n d s  to two c r a c k s  of equal  l eng th ,  c u r v e  
1 i s  fo r  a s i n g l e  c r a c k .  
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